Let n = 2k + 1 be odd with k ≥ 3. In this note, we give two intersecting families with diversity larger than 2k i=k+1 2k i , which disprove a conjecture of Huang.
Introduction
Throughout the paper, we denote [n] := {1, 2, . . . , n}, and 2
[n] := {X : X ⊂ [n]}. A family F ⊂ 2
[n] is called intersecting if any two of its elements intersect. The degree δ(x) of x ∈ [n] is defined to be the number of members of F that contain x, and F is called regular if all of its elements have the same degree. If F is regular, we also denote σ(F ) the degree of elements of F . Given an intersecting family F , the diversity of F is defined to be div(F ) := |F | − max x∈[n] |F (x)|, where F (x) = {F : x ∈ F ∈ F }. Let n = 2k + 1 and Q k = {A : A ⊂ [2k + 1], |A| ≥ k + 1}. About the maximal diversity among families included in 2
[n] , Huang [1] gave the following conjecture.
In this note, we will give two regular intersecting families with diversity larger than Q k , which disprove the above conjecture.
The first example is constructed from a regular intersecting family in 
Let L 3 = {1, 2, 4} and L k = {1, 2, 4} ∪ {7, 9, . . . , 2k − 1} for k ≥ 4. For k ≥ 3, we define F k to be the family obtained by repeatedly applying σ to L k , i.e.
For example, F 3 consists of the 7 lines of the Fano plane.
is a regular intersecting family with degree equal to k.
Proof. F 3 consists of the 7 lines of the Fano plane, and thus is a regular intersecting family with degree 3. For k > 3, it is clear that F k is regular with degree
In the first case, we obtain σ i (2k − 1) = 2, and σ i (4) = 2 in the second one. Both of the two cases contradict the assumption, thus F k is intersecting.
Given a set A ⊂ [n], We denoteĀ the complement of A in [n], and denotē F := {Ā : A ∈ F } for F ⊂ 2
[n] . The family P k is defined as
For n = 2k + 1 with k ≥ 3, P k is a regular intersecting family and div(P k ) = div(Q k ) + 1.
Proof. By Lemma 2.1, the family F k is intersecting. If P k is not intersecting, then there exist disjoint sets F and Q with F ∈ F k and Q ∈ Q k \F k . Since F ∩ Q = ∅ and |Q| ≥ |F | = k + 1, we must have Q =F , which contradicts the choice of F and Q. Therefore P k is intersecting.
Since F k ,F k and Q k are regular with degree equal to k, k + 1 and 2k i=k 2k i respectively, and
, we have
The second example is related to finite projective planes. Let q be an odd prime power, and let P be the transitive projective plane P 2 (F q ) over the finite field F q . We take n = q 2 + q + 1, and identify the set of points of P
, we define A i to be the family of all i−element subsets consisting of the points of P that contain a line of P. Since P is transitive, A i is a regular intersecting family for i ≥ q + 1. See [2] for more details about the family A i .
Let k = q 2 +q 2
Then the following result will show that R k is a family in 2 [n] with larger diversity than Q k . theorem 2.3. For an odd prime power q, let n = q 2 + q + 1 and k = q 2 +q 2 . Then R k is a regular intersecting family, and we have
Proof. If R k is not intersecting, then there exist disjoint sets A and Q with A ∈ A and Q ∈ Q k \Ā. Since A ∩ Q = ∅ and |Q| ≤ k, we have A ⊂Q ∈ 2
[n] \ Q k . On the other hand, we know that R k is an upset by its definition , i.e. is closed under taking supersets. Thus we must haveQ ∈ A, which contradicts the choice of Q. Therefore R k is an intersecting family.
It is clear that A i andĀ i are regular, so R k is also regular. To obtain the diversity of R k , we firstly compute the size of A i . Since A q+1 consists of all lines of the projective plane, we have |A q+1 | = n. For q + 1 < i ≤ k, by using the Bonferroni inequalities, we have
Since
Combining (1) and (2) together, we have
Remark 2.4. By the construction of the above example, to get the maximum diversity among families included in 2 [n] , it will be meaningful to study the existence of regular intersecting families included in
[n] k and the maximum size of such families when k is relatively small compared to [n] . Readers could refer to [3] for more information about regular intersecting families.
